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Abstract 

We present the tree-level amplitudes involving one, two and three photons that 
are required for next-to-leading order QCD calculations of production rates of three 
final-state particles. We also present the required one- loop amplitudes in terms of 
previously published results. 



1 Introduction 

The primary goal of the LHC physics program is the investigation of the mechanism of 
electroweak symmetry breaking; to observe the Higgs boson, if it exists, and to study 
its properties. If the mass of the Higgs is hght (100 GeV < nifj < 140 GeV), studies 
indicate that the rare decay into two photons, H ^ •yy provides the best signature []1|. 
Because the signal-to-background ratio will be quite low (~ 7%) [|I|, this promises to be 
a demanding analysis. Unfortunately, our theoretical understanding of both the signal 
and the background is less than satisfactory. The next-to-leading order (NLO) QCD 
corrections to Higgs production are known to be very large ((9(100%)) 0. The NLO 
corrections to the QCD background @, pp ^ 77, (for which the full NLO fragmentation 
contributions are just now being evaluated [Q) are known to also be very large, and there 
are strong indications that the next-to-next-to-leading order (NNLO) corrections will also 
be sizable because of the large gluon luminosity at LHC which will enhance the gg — > 77 
subprocess 0, ^ that first appears at NNLO. Thus it seems that we will need (at least) full 
NNLO calculations of both the signal and the background in order to obtain a reasonable 
theoretical understanding of this process. 

In order to improve the signal-to-background ratio, Higgs production in association 
with a high transverse energy (Et) jet, pp —>■ H jet —>■ 77 jet, has been considered 0. 
This process offers the advantage of being more flexible with respect to choosing suitable 
acceptance cuts to curb the background. The pp —^ H jet process is known to leading 
order (LO) exactly 0, while the NLO calculation ||^ has been performed in the infinite 
top mass limit. The NLO corrections to the signal are also large, but it is believed that the 
background, pp — > •-yy jet, can be more reliably calculated because LO production is dom- 
inated by the qg — >■ 577 sub-process, which benefits from the large gluon luminosity, while 
the gg -^ (777 sub-process, which is believed to dominate the NNLO contribution, yields 
a comparatively small contribution |^ . Thus an evaluation of the full NLO corrections to 
the background should provide a reliable quantitative estimate. 

In order to evaluate the NLO corrections to pp -^ yy jet, we need tree-level QCD 
amplitudes with six external legs {qqggyy, qqQQll) and one-loop amplitudes with five 
external legs {qqgyy). The same amplitudes also contribute to the evaluation of the 
NNLO corrections to pp — > 77 scattering. Of course, there are other processes involving 
one or more photons that can be computed at NLO, including the recently observed direct 
photo-production of three jets at HERA |TD| . 



In principle, the amplitudes required for the calculations mentioned above can be 
obtained from pure QCD amplitudes by turning external gluons into photons. This is 
done by summing over permutations of the color-ordered amplitudes [^ to remove the 
non-Abelian character of the gluon coupling (see sees. |2^ , |6.2|) . This is the procedure we 
use to obtain the one-loop amplitudes. Of course, this procedure naturally results in more 
complicated expressions than those for the pure QCD amplitudes with which one starts. 
One generally obtains far more compact expressions by computing the photon amplitudes 



directly, and this is what we do for the tree-level amplitudes. 

In this paper, we present all of the matrix elements needed to compute at NLO two- 
parton to three-parton scattering where one, two or three of the partons are photons. 
These amplitudes, with the one-loop amplitudes supplemented by higher-order terms 
in the dimensional- regularization parameter e |]1^, also contribute to the computation 



at NNLO of two-parton to two-parton scattering where one or two of the partons are 
photons. Many of these amplitudes have been discussed previously. The five-parton 
tree-level amplitudes involving photons have been known for some time |]T3|, |T^ . The five- 



parton one-loop amplitudes involving one photon have been discussed in detail [[151 , [16| and 
are reproduced here for completeness. The new results presented here are the compact 
expressions for the six-parton tree-level amplitudes involving photons and the detailed 
expansions for the five-parton one-loop multi-photon amplitudes. 

The paper is organized as follows: in section 2 we present the known results for the 
amplitudes at tree level and explain the rules which allow one to turn external gluons 
into photons. In sections 3, 4 and 5, we evaluate the six-parton tree-level amplitudes with 
one, two and three photons, respectively. In section 6, we present detailed expansions for 
the corresponding five-parton one-loop amplitudes in terms of known results. In section 
7 we draw our conclusions. 



2 Tree-level Amplitudes 

It is now common to express multi-parton amplitudes in QCD using a color-ordered/helicity 



decomposition [11]. The usual color-ordered decomposition follows from replacing the 



group structure constants with commutators of fundamental representation matrices [| 



jabc ^ -(Tr [T'^TT"] - Tr[T''T'^T^]) (2.1) 

v2 



and then using SU{Nc) Fierz identities 



1 



rparpa ^X.X X.X _ (O 0) 



to combine traces. Each distinct ordering of representation matrices (Chan-Paton, or color 
factor) is associated with a gauge invariant sub-amplitude depending only on the ordering 
of the parton labels. The full amplitude is expressed as the sum over the independent 
color factors multiplying their associated sub-amplitude. 

The helicity decomposition is accomplished by specifying the helicity of each external 
leg. Typically, helicity amplitudes are written in terms of spinor products (ij), [ij]- The 
spinor products are antisymmetric, with norm \ {ij) \ = \ [ij] \ = \/\sij\. We use the 
convention of Mangano and Parke |]14|, defining (ij) = {i^\j^) and [ij] = (i+|j^), where 



"'^We normalize the fundamental representation matrices such that Tr[TT''] ~ 6°"^ 



\i^) are massless Weyl spinors of momentum fc,, labeled with the sign of the helicity. In 
this convention, the spinor products obey the rule {ij) [j i] = Sij = 2ki ■ kj. 

2.1 Two-quark amplitudes 



Tree- level amplitudes involving two quarks and {n — 2) gluons are written as |Tl|, ^M , 



ATidu 92; <73, • • • , 9n) = 9""-' E (T^^' ■ ■ ■ T""-)^ ATiqi, ^2, ^.3, • • • , ^.J , (2-3) 



a-£S, 



ri~2 



where Sn-2 is the permutation group on the n — 2 elements (3 . . . n). The dependence on 
parton helicities and momenta is implicit. 

For the maximally-helicity-violating configurations, in which two partons are of one 
helicity and all others are of the opposite helicity (where helicity is defined as if all 
particles are outgoing), say (—,—,+,...,+), there is only one independent color/hehcity 
sub- amplitude 



ltree,.+ „- „ „^ , (1^)(2^) 
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^••'^■■^■^■^^-■-«">=' (12)(23)..:(nl) P-^' 

where gluon Qi has negative helicity. (The quark and anti-quark must have opposite 
helicity in order to conserve helicity along the fermion line.) 

All other color/helicity amplitudes can be obtained by relabeling and by use of the 
discrete symmetries of parity inversion and charge conjugation. Parity inversion flips the 
helicities of all particles. It is accomplished by the "complex conjugation" operation (in- 
dicated with a superscript ^) defined such that (ij) ^-> [j i], but explicit factors of z are not 
conjugated to —i. In addition, there is a factor of —1 for each pair of quarks participating 
in the amplitude. Charge conjugation changes quarks into anti-quarks without inverting 
helicities. In addition, there is a reflection symmetry in the color ordering such that 

A'ridt, ?2", ^3, • • • , 9n) = (-l)Mr (^2", Qt. 9n,..., 9z) (2.5) 

So, if gluon i has negative helicity and all other gluons have positive helicity, one finds 
the sub- amplitude A^^'^'^{qi , it i9^i ■ ■ ■ 1 9n) to be 

AT\qi. qt. 93,..., 9n) = i-iTAT^qt, gr, 9n,..., 93) = \i2)\2 3y.'\niy ^^-^^ 

2.2 Turning gluons into photons 

The color decomposition of amplitudes involving two quarks, m photons and r gluons, 
with m + r = n — 2, is 

■^T^iQli (I2; 93,---, 9r+2, 7r+3, • • • , 7n) = (2.7) 

/ {V2eQ,r E (^'^^ ■ ■ • ^'^^')S ^T{qu Q2, 9.S,---, 9.r^.,7r+3, • • • , 7n) ■ 

cr^Sr 



The color-ordered amplitudes can be computed directly or can be obtained from two- 
quark {n — 2) gluon amplitudes by converting gluons into photons. In order to convert a 
gluon into a photon we replace the quark-gluon vertex factor gT°- with the quark-photon 
vertex factor^ \/2eQqI. Since the identity matrix I commutes with the SU(N) matrices 
T"", all possible attachments of the photon to the quark line (leaving the gluon ordering 
fixed) contribute to the same color structure. That is, matrix elements involving photons 
are obtained by summing over permutations of gluon matrix elements in which the photon 
assumes all possible places in the ordering. For example, 

^5''"(gi,g2,^3,^4;75)= (2.8) 

AT^Qi, (12, 93, 94, 95) + ^r'(^b 92, 93, 95, 94) + ^r'(^b 92, 95, 93, 9a)- 

For maximally-helicity-violating configurations, (— , — , -|-, . . . , -|-), the sub-amplitudes 
are found to be O, 1131, 



/(tree/ \- — \ ■ \ ) \ ^/ T~r 

^n Wl , 92 > 5'3, • • • , 9r+2, 7r+3, • • • , 7r+m+2J ^ ''' (12) (2 3) ■ ■ ■ ((r + 2) 1) ^^ 



(21) 



(2j)(jl) 
(2.9) 
with i the negative helicity gluon or photon. The term associated with each photon is 
simply the eikonal factor written in spinor-helicity notation. 



(21) 



(2j)(jl) 



V2 



Sj ' Ki\ 6j ' K' 



Sij Sj2 



(2.10) 



2.3 Four-quark amplitudes 

For four quarks and (n — 4) gluons the color decomposition of the tree-level amplitude 



is [|T4| 



n— 4 

^r(9l,92,Q3,Q4,^5,...,^n)=^"-'E E E (2-11) 

fc=0(TG5fc p&Si 

X (T- . . . T^-ri^ {TP^ . . . T^Og ^r (9i> 92; Qs, Q4; 9.„---,9.,;9p„---, 9p^ 
- ^ {T^' ■ ■ ■ T^'f^ {TP^ . . . T^OS i?r (91, 92; Qs, Q4; 9.„...,9.,;9f,.,...,9f.d 

with k + 1 = n — A. The sums are over the partitions of {n — 4) gluons between the two 
quark lines, and over the permutations of the gluons within each partition. For fc = 
or / = 0, the color strings reduce to Kronecker delta's. For identical quarks, we must 
subtract from this equation the same term with the quarks (but not the anti-quarks) 
exchanged (52 '^ Qi)- 

^The factor ^/2 is due to our choice of normalization of the fundamental representation matrices. 



For maximally-helicity-violating configurations, (— , —,+,...,+), where because of lie- 
licity conservation along tlie fermion lines all of tfie gluons liave tlie same fielicity, tlie 
A^^"^"^ and B^'^'^ sub-amplitudes factorize into distinct contributions for the two quark an- 



tennae 11, 14 



A-n'''' {QI, Q2', Q3, Q4', Qai, ■ ■ ■ ,gak'^gpi, ■ ■ ■ , 9 pi) 



(2.12) 



• f{\2^^QA) 



12 Qc 



{QaIi) 



{qi q2) {Qs Q4) {q2 9a,)--- {9a, Q3) ^^^ 9pr) - - - {9pi qi) 

Bn'^'^iqi, q2', Q3, Q4.', 9ai, ■ ■ ■ ,9(Tk]9pi,- ■ ■ ,9pi) = 

{qi q2) (Q3 Qa) (^2 9a,)--- {9a, qi) {Q^ gp^)... (g^^ Q 



with 



!{+,+) = -(qiQs)' 



f{+,-) = {qiQAY 



(2.13) 



This factorization does not occur for more complicated helicity configurations. 

When we convert a gluon into a photon we attach the photon everywhere along the two 
quark lines, i.e. sum over all of the permutations of the photon index in the global color 
ordering, and we replace the color charge g with the appropriate quark electric charge 
\/2eQq^. The ensuing color decomposition of the amplitude for the emission of m photons 
and r gluons, with m + r = n — 4, is 

^r^(gi,g2;g3,Q4;<75,...,^.+4;7.+5,...,7n) = <7'-+MV2e)™^ ^ ^ (2.14) 

fc=o o-GSfe peSj 
X A^^^^qi, ga; Q^^ Qi] 9ai, ■ ■ ■ ,9a,;9pi, ■ ■ ■ , 9pn7r+5, • • • , In)) 



Nc 



X Bl^^^iqi, gs; Q3, Qa, 9a,, ■ ■ ■ ,9a,] 9pi, ■ ■ ■ , 9pvlr+b, • • • , In)) 



with k + 1 = r. The dependence on the quark electric charges Qp is contained in the sub- 
amplitudes A^^'^'^ and B^'^'^. For maximally-helicity-violating configurations, (— , —,+,...,+) 
with all of the gluons and photons having positive helicity, the sub-amplitudes are |TT|, |T^ , 



A^^iqi^ 92; Q3, Qi] 9a„...,9a,;9pi,---, fi-pp 7r+5, • • • , 7n) 



(2.15) 



n 

j=r+5 



Qq{q2qi) , Qq{QaQ3) 



.{q2ij){ijqi) {Qa1j){ijQ3). 



An-miq^y q2] Q3' Qi] 9ai, ■ ■ ■ ,9ak',9pi, ■ ■ ■ ,9pi) 



and the same for B^'^'^. 



3 One-Photon Amplitudes 

One-photon amplitudes with five and six external legs can be used for NLO calculations of 



direct photo-production of three jets at electron-proton colliders |T^ or photon + two-jet 
production at hadron colliders. They also contribute to NNLO calculations of the same 
processes with one less jet in the final state. 

The tree-level amplitudes with five external legs involve only maximally-helicity- violating 
configurations and are easily obtained from the formula of the previous section. 

The one-photon tree-level amplitudes with six external legs are 

a) two-quark, three-gluon, one-photon amplitudes; 

b) four-quark, one-gluon, one-photon amplitudes. 



3.1 Two-quark, three-gluon, one-photon amphtudes 

The color decomposition of the two-quark, three-gluon, one-photon amplitudes is given 
in eq. ( |2.7| ), with r = 3 and m = 1. For maximally-heli city- violating configurations, the 
sub-amplitudes are given in eq. (|2.9| ). Making use of discrete symmetries, there are three 
distinct helicity configurations of type (— , — , — , -|-, +, +), which are listed in table |1|. 
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Table 1: The distinct helicity configurations of type (—,—,—,+,+,+), for the two-quark, 
three-gluon, one-photon amplitudes. 



For these configurations, the sub-amplitudes can be written as 
iA'^^^iq^, q^, g^,g2, 93, it) = 



(3|(1 + 2)|5)(4|(3 + 5)|2)ti26 ^ (3|(2 + 5)|1)(4|(3 + 5)|2)^ 



- iA'rilh % ' 91^ 92^93, 74 



+ 



[1 2] (4 5) [1 6] (3 5) S23S46 (3 5) [1 6] 523^46^146 

(12)[45](3|(1 + 2)|6)(3|(1 + 2)|5) 

[12](4 5)s23S46ti23 



(3.1) 



(23)(1|(2 + 3)|6)' ^ i2 6)(l|(2 + 3)|6)(1|(2 + 6)|3)ti46 



[2 3] (5 4) (4 6)si2ti23 [2 3] (5 4) (4 6) Su-Sie-Ss^ 

(23)(26)[41](5|(1 + 4)|6) , (26)(1|(2 + 6)|3)^(4|(3 + 5)|2) 



[2 3](12)(4 6)si6S35 



(5 4)Si2Si6S35ti26 



(3.2) 



-iAf%qt,q^,g^,gt,g^,-lt) 



(13)2(21(1 + 3)16)^ , [26][45](61)(53)(2|(4 + 5)|3) 



+ 



+ 



+ 



(5 4)(4 6)Si2S23tl23 ' [l6](5 4)si2S35ti26 

[25F(61)(4|(2 + 5)|3) (1 6)[2 5](2|(1 + 3)|5)(2|(1 + 6)|3) 

[16][5 3](4 6)s23ti46 [16][2 3](5 4)(4 6)si2S35 

(13)(2|(1 + 3)|6)(2|(1 + 6)|3) , (1 6)[2 5](1 3)(4|(2 + 5)|3) 



[16](5 4)(4 6)si2S23 



[16](46)(21)S23S35 



(3.3) 



These amplitudes have been computed directly from the color-ordered Feynman di- 
agrams. Equivalent but less compact expressions could be obtained by summing over 
permutations of the two-quark four-gluon amplitudes, 



Ar\(l^^ 96, fi-i, 92, 93, 74) = A'°°(g5, ge, 9i, 92, 93, 9i) + A'''''(?5, q&, 9i, 92, 9i, 93 

^r^'l^s, %, 9i, 94, 92, 93) + ^r^'l^s, 96, 9a, 9i, 92, 93) ■ 



(3.4) 



An alternative method is to use supersymmetric Ward identities to obtain the result from 
the known two-quark four-gluon and six-gluon amplitudes (see Appendix ^ . 



3.2 Four-quark, one-gluon, one-photon amplitudes 

The color decomposition of the four-quark, one-gluon, one-photon amplitudes is given in 
eq. ( p.l4| ), with m = r = 1. For each helicity configuration there are four independent 
color structures. For the configurations of type (—,—,+,+,+,+), the amplitudes are 
given in eq. ( |2.15| ), with m = 1 and {k, I) = (1, 0) and (0, 1). 



Table lists the two distinct helicity configurations of type 



, , ,1,1, 



). The 
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+ - + - 
+ - - + 
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- + 



Table 2: The distinct helicity configurations of type (—,—,—,+,+,+), for the four-quark, 
one-gluon, one-photon amplitudes. 

color-ordered sub-amplitudes for these configurations are 



^r(?t,92";Q3,Qr;0;^5";76+: 
A'r{qt,q2;Qt,Q4;95;^;il 
B'r{qt,q2;Qt.Q~A;95;^;it 
Br%qt,q^;Qt,Q^;^;95-nt 



g Ji(l, 2, 3, 4; 5; 6) + Qq/2(3, 4, 1, 2; 5; 6) 
gj2(l,2,3,4;5;6) + gQ/i(3,4,l,2;5;6) 
Q,(7i(l, 2, 3, 4; 5; 6) + QQg2{3, 4, 1, 2; 5; 6) 
Q,(72(l,2,3,4;5;6) + gQ(7i(3,4,l,2;5;6) 



(3.5) 



A'riqt, C; ^3^ Qt; 0; ^5"; 76+) = QJsil, 2, 3, 4; 5; 6) + Qq^A, 3, 2, 1; 5; 6) 
A'riqt, (I2; Q3, Qh 95 ; 0; 76+) = Q 9/4(1, 2, 3, 4; 5; 6) + QqM^, 3, 2, 1; 5; 6) 
B'riot, ^2-, Qs, Qh 9^\ 0; 76+) = QM^^ 2, 4, 3; 5; 6) - QQg2{^, 3, 1, 2; 5; 6) 
4''''(gi+, ^2^; Qs", Ql; 0; ^5"; 76+) = -QM^, 2, 4, 3; 5; 6) + Qq(7i(4, 3, 1, 2; 5; 6) 



where 

-«/i(l,2,3,4;5;6) 



-^/2(1,2,3,4;5;6) 



-^^i(l,2,3,4;5;6) 



-^/3(1,2,3,4;5;6) 



-^/4(1,2,3,4;5;6) 



(3.6) 



(3|(1 + 6)|2)(3|(1 + 6)|4) 
(16)(6 2)[3 5][5 2]s34 
{52)[31](6|(2 + 5)|4) (45)(3|(1 + 6)|2)^ 

[5 2](6 2)s34ti34 (16)(6 2)[3 5]s34ti26 ^ ■ ^ 

(1|(4 + 5)|2)(3|(1 + 6)|2) 

(16)(62)[15][54]s34 
, [16](24)(3|(1 + 6)|5) (53)(3|(1 + 6)|2)^ 



(16)[15]s34il56 (16)(6 2)[5 4]s34tl26 

(1|(3 + 6)|4)(3|(1 + 6)|2) 
(16)(62)[15][52]s34 
[16](24)(3|(1 + 6)|5) (5 2)[31](6|(2 + 5)|4) 

(16)[15]s34tl56 [5 2](6 2)s34tl34 ^ ' ^ 



-2(72(1, 2, 3, 4; 5; 6) = -^-fr^^^^P"! (3-10) 

^^ ' ' ' ' ' ^ (16)(6 2)[3 5][5 4]ti26 ^ ^ 



ti46(4|(l + 6)|2) 
(16)(62)[35][52]s34 
(54)(4|(1 + 6)|2)^ (5 2)[41](6|(2 + 5)|3) 



(16)(6 2)[3 5]s34tl26 [5 2](6 2)s34tl34 

[41](23)(4|(1 + 6)|2) 
(16)(6 2)[15][5 4]s34 
[16](23)(4|(1 + 6)|5) (35)(4|(1 + 6)|2)^ 

(16)[15]s34ti56 (16)(6 2)[5 4]s34ti26 ^ ■ ' 



All other configurations are related to these by parity inversion and charge conjuga- 
tion^. In performing charge conjugation, one must exchange each quark with its anti-quark 
{Qi ^-^ Qi for i = 1,2). For example, by applying charge conjugation and parity inversion 
on eq.(|3.5|), we obtain 



A'riQi, qt; Qz , Qt\ 0; ^5"; 76+) = Q 9/2(2, 1, 4, 3; 5; 6) + Qq/i(4, 3, 2, 1; 5; 6) 



■^ When photons are present in the sub-amphtudes, we apply charge conjugation on the kinematic 
part only, without flipping the sign of the quark electric charge. 



A'riqT, <it-^ Qs, Qt\ ^5"; 0; 76+) = Q Ji(2, 1, 4, 3; 5; 6) + QqU^, 3, 2, 1; 5; 6) 
BT\(ii. qt\ Qz. Qt; 95 ; 0; 76+) = QM'^, h 4, 3; 5; 6) + QQg2{A, 3, 2, 1; 5; 6) 
B'ri<ll^ 4-, Qs^ Ql; 0; ^5"; 76+) = QM^, 1. 4, 3; 5; 6) + Qq^i(4, 3, 2, 1; 5; 6) . 



(3.13) 



4 Two-Photon Amplitudes 

The amplitudes with two photons can be used for NLO two-photons + one-jet production 
at hadron coUiders, for NLO photon + two-jet production in direct photo-production at 
electron-proton colliders, or for NLO three-jet production in gamma-gamma scattering 
at some future e~^e~ collider. They also contribute to NNLO calculations of the same 
processes with one less jet in the final state. 

These amplitudes are of particular importance to the evaluation of the irreducible 
backgrounds to low-mass Higgs searches at LHC; they contribute to the NLO evaluation 
of the background to Higgs + one-jet production and to the NNLO evaluation of the 
background to inclusive Higgs production. 

The tree-level two-photon amplitudes with six external legs are 

a) two-quark, two-gluon, two-photon amplitudes; 

b) four-quark, two-photon amplitudes. 



4.1 Two-quark, two-gluon, two-photon amplitudes 

The color decomposition of the two-quark, two-gluon, two-photon amplitudes is given in 
eq. ( p.7|) . For the hehcity configurations of type (—,—,+,+,+,+), the sub-amplitudes 
are given in eq. (|2.9| ), with r = m = 2. There are three distinct configurations of type 
(— , — , — , +, +, +), which are listed in table ^. The other helicity configurations are ob- 
tained from these by particle relabeling, parity inversion and/or charge conjugation. 
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Table 3: The distinct helicity configurations of type (—,—,—, -|-, -|-, -|-), for the two-quark, 
two-gluon, two-photon amplitudes. 



-^AT\%^%^9i.92.lt^lt) 



(5|(l + 2)|6)(56)t 



126 



[5 2] [16] [21] (6 3) (6 4) (5 3) (5 4) 



(16)[45](3|(1 + 6)|2) (16)[35](4|(1 + 6)|2) 
[1 6] (4 5) [5 2] (6 3)ti36 [1 6] (3 5) [5 2] (6 4)ti46 

(4.1) 

_,.t.ee.-+„- + - -^+^ _ [4 5] (2 6)^(1| (2 + 6) |3) (36)[54](1|(3 + 6)|2) 

^ (36)[15f(4|(3 + 6)|2) ^ [5 1](6 2)(5|(1 + 4)|6)ti45 



+ 



- iAf''{q+, qQ,g^, g+, 73 , 7+ 



[3 6][2 5](6 4)si2ti25 [3 6][5 2][5 3](61)(6 4)(4 5)si2 

l|(3 + 6)|2)([51](16)(5|(2 + 3)|6) + [54](46)[5 2](26)) 

[3 6] [5 2] [5 3] (61) (6 4) (4 5) S12 

(4.2) 
(16)[25](4|(2 + 5)|3) (1 6)[4 5][6 2](2|(4 + 5)|3) 

[16](2 5)[5 3](6 4)ti46 [1 6](4 5)[5 3]si2ti26 

(3 6)[2 5](51)(4|(2 + 5)|1) (1 6)[2 5](2|(4 + 5)|3) 

[3 6](2 5)(6 4)si2t346 [16][3 5](5 4)(4 6)si2 

ti36((51)[26][53](36) + [12][65](16)(51)) 
[16][5 3][3 6](2 5)(5 4)(4 6)si2 

(4.3) 



+ 



These expressions were obtained by direct computation of the color-ordered Feynman 
diagrams. Equivalent representations can easily be obtained by expressing the amplitudes 
as linear combinations of the one photon amplitudes, 

AT^{Q5, ge, 9u 92, 73, 74) = ^^^"{^5, qe, 9i, 92, 93, 74) + 

AT%Q5, %, ^3, 9u 92, 74) + ^r'(^5, ge, 9u 9z, 92, 74) • (4.4) 

Alternatively, they can be obtained from two-quark four-gluon and six-gluon amplitudes 
using supersymmetric Ward identities (see Appendix Q. 

4.2 Four-quark, two-photon amplitudes 



The color decomposition of the four-quark, two-photon amplitudes is given in eq. ( p.l4| ). 



For the helicity configurations of type (— , — , +, +, +, +), the sub-amplitudes are given in 
eq. (|2.15|) , with m = 2 and r = 0. The color strings reduce to Kronecker delta's, so that 
the amplitude is written as a single kinematic term multiplying the color factor 

There are two distinct helicity configurations of type (— , — , — , +, +, +) which are listed 
in table ^. All other configurations are related to these by parity inversion and charge 
conjugation. The amplitudes can be written in terms of two functions gi and g2, which 
are identical to the gi^2 of eqs. ( p. 9] ) - ( ^.1(]| ), 

AT{qt,q2-,Qt,Ql-^l5-,l6) = QS^i(1,2,3,4;5,6) + Q^(7i(3,4,1,2;5,6) 
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Ql 12 Qs 


Q4 


75 76 


I 
II 


+ - + 
+ - - 


+ 


- + 

- + 



Table 4: The distinct helicity configurations of type (—,—,—,+,+,+), for the four-quark, 
two-photon aniphtudes. 



+ Qc 



;i, 2, 3, 4; 5, 6) + (72(3, 4, 1,2; 5, 6)) 



(4.5) 



Ar'{qt,q2;Q3,Qt;%;it 



Qj(7i(l,2,4,3;5,6) + Qj(/i(4,3,l,2;5,6) 
Q,QQi92il, 2, 4, 3; 5, 6) + (72(4, 3, 1, 2; 5, 6)) . 



5 Three-Photon Amphtudes 



The amplitudes with three photons can be used for NLO three-photon production at 
hadron colliders, for NLO two-photon inclusive production and two-photon + one-jet 
production in direct photo-production at electron-proton colliders, or for NLO photon + 
one- or two-jet inclusive production in gamma-gamnia collisions. 

For NLO calculations we need two-quark, one-gluon, three-photon tree-level ampli- 
tudes. For the helicity configurations of type (— , — , +, +, +, +), the sub- amplitudes are 
given in eq. (|2.9| ), with r = 1 and m = 3. There is one distinct helicity configuration of 
type (—,—,—,+,+,+), for which the sub- amplitude is 



-iAf ^(^5+, gg", 9i, 72"> 73^, 74^) = 

^56^612(51(3 + 4)16) ^ [5p3](6a2)(p4|5|p3)^i 

(5 3) (3 6) (5 4) (4 6) [5 1] [1 6] [5 2] [2 6] ^^^f;^^^ (5 pa) [6 ^2] (6 p,) [5 a,]t,,,. 



(5.1) 



We note that this is also the sub-amplitude for the two-quark, four-photon process, since 
only the color factor differs. Indeed, this sub-amplitude is also identical to that obtained 

for e'^e^ -^ 7777 W]\ ■ 



6 One-Loop Aniphtudes 

The results in this section are obtained either in their entirety or from discussions con- 
tained in references [|l^, Q. Our purpose here is to present all of the results in terms of 
known components so that they can be combined with the tree- level results of the previous 
sections to produce complete NLO calculations. When supplemented with higher-order 
terms in e, they also contribute to NNLO calculations. 
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The color decomposition of one-loop amplitudes in QCD is somewhat more compli- 
cated than it is for tree-level amplitudes. If there are external gluons, one finds new color 
structures at one-loop. Associated with each color structure is a "partial amplitude" |]15 . 
For instance, the two-quark, three-gluon one-loop matrix element is written as 

+ Y. TTiT-^)iT'''T''%A,.,2{quq2;g.,;ga„ga,) (6.1) 

+ 5: Tr (T-^T'^^) {T-% A,,,{q,, q^, g^,,g^,; g.,) 

+ Y. Tr(r'^^r-T'^^)4^A5;4(gi,g2;^.3,^.4,^.. 

where the sums exclude permutations that leave the color factors invariant. For instance, 
in the third term the trace is unchanged if elements 3 and 4 are interchanged. Thus a 
takes values in the set 

53/^2 = {(345), (354), (453)}. (6.2) 

Note that the color factor associated with the ^45^2 term vanishes, since Tr(T'^) = when 
T" is a generator of SU{Nc). For this reason, Ar,.2 terms are normally dropped. In the 
amplitudes below, we keep the ^45.2 terms so that one can follow all of the terms as gluons 
are converted into photons. 



6.1 Two-quark amplitudes 

The partial amplitudes are most efficiently expressed in terms of a set of gauge- invariant, 
color-ordered building blocks called "primitive amplitudes" |]15[. For the two-quark am- 



plitudes, it is convenient to construct two primitive amplitudes for each internal spin 
state (i.e. spin of the particle going around the loop), A^'^'^^(qi,g^, . . .,q2,. . . ,gn) and 
yl^'['^l(gi, (73, . . . , g2, • • • , gn), -^ = 1, |, 0, with the L and R primitive amplitudes related by 
reversing the cyclic ordering of the external legs: 

A^'^'\qr,gs,...,q2,...,gn) = {-irAi;'^'\qugn,...,q2,...,g3). (6.3) 

Spin 1, of course, refers to gluons in the loop, while spins | and refer to massless 
{Nc + Nc) representation Weyl fermions, and complex scalars respectively. 

It turns out that the i?-type primitives are not needed for J = |, 0, so we abbreviate 
the notation as 

AL,m . aL AR,m . aR /i^'l^l /lis] aL,[o] aIO] (RA] 
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The An-i partial amplitudes have the simplest representation in terms of primitive 
amplitudes: 

An-i{qi, q2, 93, ■ ■ ■ , gn) = A^(gi,g2,5'3,---,5'n) - ^^^(gi,g2,fl'3, •••,5'n) (6.5) 



^/ 



n.. 



+ j^An^\qU Q2, ^3, • • • , gn) + ^^^n^ (?1> ?2, ^3, • • • , ^n), 

where nf is the number of fermions and Us is the number of scalars. In these partial 
amplitudes, only those primitive amplitudes with the same ordering of legs as the color 
factor contribute. 

The partial amplitudes An;c>i are expressed as sums over primitive amplitudes with 
various permutations of the external legs. For the two-quark amplitudes |T5[ , 



An-ciQi, 0.2] gs, ■ ■ ■ , gc+i, gc+2, ■ ■ ■ , gn) 



\c-l 



E 

aeCOP{a}{l3} 






n.. 



At:((T) --^An^'^'ia) - -fA^-ia) 



iVc'" 



(6.6) 



where {a} = {gc+i, gc, ■ ■ ■ , gs} and {/?} = {gi, g2, gc+2, gc+3, ■■■, gn}, and C0P{a}{f3} is 
the set of permutations of {gi, q2, ■ ■ ■ , gn}, with the position of gi held fixed that preserve 
the cyclic ordering of the a^ within {a} and of the (5j within {/?} while allowing for all 
possible relative orderings of the ctj with respect to the Pj. Expanding this expression, 
and making use of symmetry relations involving ^4^2'*^^ [0, yields 



A;2iqi,q2;g3;gi,g5) 



-A^{qi, 12, g^, 5-5, gs) - A^iqi, q2, g^, g3, g^) 
-A^{qi, q2, g3, gi, g-,) - ^5(^1, ^3, g2, g^, g^) 



(6.7) 



A5;3(gi,g2;^4,^5;^3) = E ^5(?l)?2,^<T3,^<74,^a5) - E ^5^(9l> ^3, ^2, ^^4, ^as! 

(tG53 0-GZ2 

+ E ^biqu94,q2,ga3,gas)+ J2 ^5iqu95,q2,ga3,go 



J 0-4 J 



0-GZ2 



(TGZ2 



(6. 



A;4(gi,g2;^3,^4,^5) = E \^5iqi^q2,ga3,ga^,ga,)+A^{qi,g„^,q2,ga^,ga,) 

- ^5(^1^ 92, ga;,ga,,gaj - A^{qi, 5f^3, g2, g^^, g^^) 
^i {qi,(12, ga3 , 5'<74 , s-as ) + A5' (<?! , 5-^3 ) 92 , ga4 , g<T^ . 

Af{qi, q2, ga3,gai,ga5) + Af{qi,g^.^, q2, g^^, g^^) 



crGZg 






Nr 



(6.9) 



The explicit expressions for the primitive amplitudes are given in reference [|I3|. For 
reasons of computational simplicity, the results presented there are in terms of a different 
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linear combination of primitive amplitudes, labeled A^, A^^^^, A^^ and A^, which are 
related to those used here by 

A^{a) = A^{a) 

A^(a) = A'^'^'^^{a)-A''{a) + A^{a) + A'{a) 

A[5](a) = -Af{a)-A'{a) (6.10) 

A[°l(a) = A' (a). 

In all generality the expression for A^(a) should have a —A^'^2i(^a) term on the right-hand 
side. For all orderings that appear below this term vanishes. 

6.2 One-loop corrections to qqggj amplitudes 

This process has been discussed thoroughly by Signer ||16| . We present the results directly 



in terms of the qqggg primitive amplitudes of Bern, Dixon and Kosower |I5|. In order 



to convert gluons into photons, we follow the prescription in reference [15| . This is 



essentially the same procedure outlined in section pT2| , but for a few subtleties that arise 

at one loop. One such subtlety is to note that when there are fermion loops, the photon can 

couple to either the external quark line (external coupling) or to the loop fermion (internal 

coupling). For external coupling, one finds a factor of QqUf, the charge of the external 

quark times the number of fermion flavors contributing loops. For internal coupling, one 

"/ 
finds a factor of '^Qq^, the sum of charges of the different fermion flavors appearing in 

the loop, which we abbreviate as Tr [Q/]. A second subtlety is related and involves a term 
which contributes to A;i(gi, g2,5'3,5'4,75), but vanishes in A;i(gi, g2,5'3,5'4,5'5), 

M5;i(gi,g2,^3,^4,75) = ^{Tr[Qf]-Qqnf) Yl 4"'W- (6.11) 

" 'TeCOP{g5}{gig29354} 

This term vanishes in pure QCD because all quarks carry the same color charge. Because 
they do not carry the same electric charge, the term reappears when a gluon is changed 
into a photon. 

In the results below, we drop all reference to any hypothetical scalar particles. They 
can be added back in by noting that scalar terms enter in exactly the same way as the 
fermion terms do. Thus, to reinsert the scalars, simply duplicate the A^^i terms and 
replace n/ -^ n„ Tr [Qf] -^ Tr [Q,] and ^t^l -^ A^. 

The full one-loop qqgg'j amplitude is 
^i-i°°P(gi,g2;<73,^4;75) = V2eg' \ Y. N,iT'^'T'^%A,,,{q,,q2;g^,,g^,;j5) 



*Note that on this topic, the e-print supersedes the journal reference. 



14 



+ ^ Tr (T'^^) iT'^% A5;2(gi, ga; 9.,; 9.,; 75) 



o"e^2 



Tr (t'T^) 4M5;3(gi,g2;^3,^4;75)} , (6.12) 



where the partial amphtudes are given by 

^5;i(gi,g2;5'3,5'4;75) = 



Qq \ ^5 (^i> ^5, q2, 93, 9i) + j^^i (gi, ^5, ga, ^3, 9i) 



+Tp [^f (gi, g2, ^3, ^4, ^5) + ^f (gi, g2, ^3, ^5, ^4) 

c 

+ ^^(gi,g2,fl'5,fi'3,fi'4) 

, Tr [Qf] 



Nr 



^5' iiu g2, s-s, 5-4, s-s) + ^5' (gi> g2, 5-3, 95, 94) 



+ ^i (gi, g2, 9b, 93, 9a) + ^5' (gi, fi'5, g2, 5-3, 9^] 



(6.13) 



-45;2(gi,g2;^3;^4;75) = <5g<i ^ A^{qi,9r>,q2,9a,,9ai)~ ^ A^{qi,9i,q2,9a3,9ar^, 

0-GZ2 (TgZ2 



^5;3(gi,g2;^3,^4;75) = -QqY. {^5iqi^95,q2,9ai,9ai) + A^{qi,g5,q2,9as,9a4)} 



(6.14) 



o-eZ2 



+ Y. \ Qq^5iqi^9a3, g2, ^<74, ^as) + Qg^f (gi, g2, 9a3, 9^4, 9as] 

Tr [Qf] 



N, 



-^5' {qi,q2,9a3,9a4,9as 



The one-loop correction to o-qqgg-y is 



cr- 



l-loop 

qqgg-y 



4eY(iVc'-l) E ReE4"'^*fe>?2;<7.3>^<x4;75) 

helicities (TGZ2 



X 



(6.15) 



(6.16) 



{(^c - i)^5;i(gi, g2; 9^3, 9a4; 75) - ^5;i(gi, g2; 9^4, 9as; 75) + ^5;3(gi, g2; 93, 9a; 75)} • 



6.3 One-loop corrections to qqg^j amplitudes 



This process has also been discussed by Signer |T^, but in much less detail than the qqgg'y 
process. By breaking the permutation sum up into primitive components we are able to 
obtain far more manageable (though still large) expressions. The color decomposition for 
this process is 



^i-i°°P(gi,g2;^3;74,75) = 2eV jiVc (t=^)^^ A5;i(gi, g2; ^3; 74,75) 

+ Tr(T3)4M5;2(gi,g2;<73;74,75)} • (6.17) 
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The primitive decompositions of the partial amphtudes are 



^5;i(gi,g2;^3;74,75) = -Ql Yl ^f(?i' ^3,^2, ^,74,^^5) 

cr£Z2 



-E 



^€53 






Q} 



Nr 



Ai {qi,q2,gas,gai,ga,] 



].u 



^5;2(gi,g2;^3;74,75) = QlYl ^f(9l'^3,g2,^<T4,^, 



0-5) 



+ E 

fTG53 



QnA{(ii,(i2,ga3,ga„g 



Tr 



Q} 



0"5> 



iV. 



A^ {qi, Q2, gas, ga^, g 



0"5> 



,(6.19) 



where Tr Q'j is the sum of the squared charges of all nf quarks. The one-loop correction 
to the cross section is 



a- 



l-loop Q^4^4 

99977 



8eViVc(iVe' - 1) E Re [A'r*{qu gs; ^3; 74, 75)^;i(gi, ^2; <73; 74, 75)J • (6.20) 

helicities 



6.4 One-loop corrections to qqj^j amplitudes 

This process has not been discussed in detail before. The color structure is trivial, 

^'"'°°P(gi,g2;73,74,75) = 2v^eViVc4'^;i(gi,g2;73,74,75), (6.21) 

with 

^5;l(gi,g2;73,74,75)=Qg 1-^ E ^5^ (^1' ^2,^,73, ^<74,^<75)- (6.22) 

The one-loop correction to the cross section is 
i-i°°P - 16e^^2g6^2 j2 Re [Af ^*(gi, gs; 73, 74, 75)^5;i(gi, ^2, ^3, ^4, ^5)] • (6.23) 



a- 



95777 



helicities 



6.5 One-loop corrections to qqQQ^ amplitudes 

In processes involving four quarks, one also obtains new color factors at one loop. However, 
for the one case of interest in this paper, the four-quark one-gluon amplitudes, the only new 
color structure involves the trace of the lone gluon generator and therefore vanishes. The 
authors of ref. |T^ do not provide the partial amplitude that would have accompanied it. 
However, Signer |jl6[ has given the one-loop four-quark one-photon amplitudes explicitly. 

The color decomposition of the four-quark, one-photon amplitudes at one-loop is the 
same as at tree level, eq. ( |2.14| ), 

^5'^°°P(gi,g2,Q3,<54,75) 

1 



(6.24) 



V2eg' 



5Z SZ ^s"^"""^^^ 



1, 92; Q3, Q4; 75) - -^ ^Ja S^ Bl'^°"'^{qi, gs; Q3, Q4; 75) 
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with 






The functions u\ 
.(1) 



QqU2\Qi, 92; Qs, Qi] 75) + <5q4^%i, q2] Q3, Q4; 75) 
QqUi\qi, q2] Q3, Qi] 75) + QQdi\qi, ^2; Q3' Q^'^ 75) • 

(6.25) 



Ml (?i,?2;Q3'Q4;75 



1 ly^ J. 

^1(^1, 92; Qa. <34; 75) + j^ u\{qi, ga; Qs. Q4; 75) - -^n"-f (gi, gsl Q3, Qi\ 75) 



(6.26) 



,(1) 



M2 (91,92; <53'<54; 75) 



icrNc 



1 Tl £ 

4(9i, 92; Qa, Q4; 75) + -^ ^2(91, 92; Q3, Qi, 75) + -^M"^(gi, 92; Qa, <34; 75) 



(6.27) 



with functions dl in eq. (|6.25| ) decomposed in the same wayQ. Our eq. ( |6.24| ) differs from 
its in equivalent in ref. |T6[ because we adopt the convention of refs. [^, ^ and define 
cr to be 

1 r(i + 6)r^(i-6) 
'' = (4^0^ r(i-2e) • ^'-''^ 

This differs from the convention of ref. [|16] by a factor of l/(167r^). 

All of the functions on the right hand side of eqs. ( |6.26| ) - ( |6.27| ) and the corresponding 
functions d^ are given explicitly in ref. [jT6[. The expressions given there, however, 
are written in terms of symbols which are only defined in ref. |TE[. In general, these 
symbols represent recurring combinations of logarithms and dilogarithms of the kinematic 
invariants. It turns out that these symbols are in a one-to-one correspondence to a 
different set of symbols used by Bern, Dixon and Kosower in refs. [^, ^ . To facilitate 
the understanding of these expressions, we present a conversion table in Appendix 0. 

In evaluating the tree-level amplitude one finds that 



BTiqi, gs; Qa, Q4; 75) = A'riqi, ^2; Q3, Qa\ 75). 



(6.29) 



This degeneracy causes the B^ °°^(gi, q2\ Q31 Qa\ 75) term to drop out of the interference 
term, with the result that the one-loop correction to the cross section is 



<S = 4.^9«(A', 



1) Y. Re ^'^'fe.feiQs.Qin-sJ^r'tei.feiQs.Qin-s 



hclicities 



(6.30) 
Thus, i?5 '°°^(gi, q2]Q3iQii 75) need not be computed for NLO calculations, but would be 
needed for inclusion in a NNLO calculation. 



)l-loop / 



'Note that eq. (19) in ref. nm (the equivalent of our eq. (6.26)) is missing a factor of Nc M 
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7 Conclusions 

In this paper, we have computed compact expressions for the six-parton tree-level ampli- 
tudes involving up to three photons. In addition, we have presented detailed expansions 
for the corresponding five-parton one-loop amplitudes, in terms of known results. These 
are all of the amplitudes needed to compute at NLO two-parton to three-parton scattering 
where up to three partons are photons, and two-parton to two-parton inclusive scatter- 
ing where three partons are photons. They also contribute at NNLO to two-parton to 
two-parton scattering where one or two partons are photons. 

Acknowledgments 

The work of W.B.K. was supported by the US Department of Energy under grant DE- 
AC02-98CH10886. W.B.K. would also like to acknowledge the kind hospitality of the 
Dipartimento di Fisica Teorica at the Universita di Torino. 



A Two-quark, three-gluon, one-photon amplitudes 



The two-quark, three-gluon, one-photon amplitudes of eqs. ( |3rT| ) - ( |0| ) can be computed 
from the two-quark, four-gluon amplitudes by summing over all the possible positions of 
a gluon in the color ordering. A more efficient procedure is to sum over the positions of a 
gluon of the corresponding two-gluino, four-gluon amplitude. The ensuing sum can then 
be simplified by using the dual Ward identities fl^, and can be reformulated in terms 



of a sum of purely gluonic amplitudes and two-quark, four-gluon amplitudes by using 
supersymmetric Ward identities 0, ^. For the configurations of eqs. (|3.1|) - (|3.3|), we 
obtain 

ATiQt, Qe,9i, 92, 9l it) = - (1^ + fiyH) ^Ti9i,92, 9^, 9^ 9t, 9e) 



(2 1) [4 3] 

^6 W3 ,12 ,9l ,96 ,94,95 



(61) [4 5] 



AT%qt,l6,9t,92,93,lt 



^^ ^^ A^^gt, g^, g^, gt, 9t, 9^) + tH ^^(^5^ %, 9~2,9t, 9',, 9t) (A-l) 



^r' (^5^ , 16 , 9l , 92 , 93 ,lt) = 

^^ ^^ A'ri9T, 9t, 93, 9t, 9t, 9e) + M ^Tilt, % , 9t , 9^ , 9^ , 9t) ■ 



All the other configurations can be obtained from the ones above by parity inversion 
and/or charge conjugation. 
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B Two-quark, two-gluon, two-photon amplitudes 

In converting two-quark, four-gluon amplitudes into two-quark, two-gluon, two-photon 
amplitudes, we follow the same procedure as in Appendix ^ For the configurations of 
table ^, we have obtained 

4""" (^5^ > % > 9l , 92 > 73^ , 74^) = 

E f 7^ ^T" i9i , 92 , 95 , 9a, , 9t '96)- T^ ^T" (4 > (I2 > 9i , 9^ > 9^ ' ^^3 ) ) 

AT%qt' %'9t, 92, 73", 74^) = 

^ Af ^((7i+, 92,91, 9t, 93, 96) + -7^ Al^^'^igt, g^,g+, g^, g^, g^) 

^^ ^^ A'riQt, Q2, 9t, 96, 93, 9t) " 7II ^Ti^t, Q3,9t, 96, 9t , 92) (B.l) 



Ir- q\ b Via , 11-Z , ^ I , ^6 , ^3 , ^4: J /r? r)\ 

A'riqt, %,9i, 9t, i3,it) = 

(fl) "^ (61) [2 5] ) ^6'"(^r. 9t, 9t, 9t, 93,96) + ^ AT\9i, 9t , 9t , 93, 9t, 9^) 
, (3 1) [2 4] ^,,,,^_+^ ^_^^_^ ^_^^^^ ^+^ _ j31| ^,,,,^_^^ ^_^ ^+^ ^_^ ^_^ ^+^ ^ 



(61)[2 5] '^ v^4,'.d,^D,^i,^. >^oy ^g^^ 

where the sum in the first equation is over permutations of 3 and 4. All the other 
configurations can be obtained from the ones above by photon relabeling, parity inversion 
and/or charge conjugation. 



C Translating symbols used in NLO matrix elements 

The matrix elements for the four-quark one-photon process at one-loop are given in ref. |T^ 
in terms of symbols which are defined in ref. [|T^]. These symbols have a one-to-one 
correspondence with symbols defined in ref. W^ that are used in the two-quark three- 



gluon primitives. To facilitate the reading and use of ref. |]TB[, we provide a translation 
table for those symbols. 
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Signer (ref. |[16| 



Bern,et. al. (ref. [jT5| 



Wo 
Wi 

W2 



v.. 



V 



{tjkl) 



ln(-'-) 




\-SklJ 




1 /-s,A 




— Lo -^) 




Ski \-Ski/ 




\^^r-') 




Ski \-SkiJ 




—u -^) 




Ski \-SkiJ 




L=-, ( -'" . 


-Sjk 


V S-mn 


Smn 


/ , 2 \ « 




/i 




\-Sij) 




{l k) {j I) 





{tl){jk) 



{m,n}={l,2,3,4,5}/{j,i,fc} 



Table 5: Conversion table relating the undefined symbols in ref. [^ to their equivalents 



defined in ref. [O 
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